PACS. 03.50K -Other special classical field theories.
Dirac equation has a zero eigenvalue, so that nonlinear effects of the kind considered here do not impair the usual interpretation of the Dirac equation as a single-particle equation for Z <Z,.
We recently studied[1,2] the problem of strongly charged sources in classical scalar electrodynamics, i.e. we investigated the stability properties of a prescribed external source of charge Z in electromagnetic interaction with a charged scalar field. We found the following results [l, 21: 1) There exists a critical value Z = 2, above which partial screening of the external source takes place. These configurations have a lower energy than the pure Coulomb configuration (with zero scalar field). The value 2 = 2, is exactly the value at which the Klein-Gordon equation for a scalar particle of mass m in the external Coulomb field of the source has a bound-state energy w = -m.
2) Partially screened solutions with total energy less than the pure Coulomb solutions also exist for Zo 6 Z < Z,, where Zo is the value at which the corresponding Klein-Gordon equation has a solution with w = 0. Although such solutions are not expected to be stable 121, they nevertheless imply the breakdown of the interpretation of the Klein-Gordon equation as a single-particle wave equation already for 2 > Zo.
The purpose of this work is to study to what extent the above results remain true in classical spinor electrodynamics, i.e. for the problem of an external source coupled to a classical charged Dirac field. Although the usefulness of the notion of a classical Dirac field is certainly not obvious, such classical Dirac fields have been and still are being studied in connection not only with atomic physics [3] , but with other fields of physics as well [41.
(References [3] and [4] contain an extensive bibliography on this subject.) Hopefully, studying the properties of a classical field theory may shed some light on the corresponding quantum field theory, even for Dirac fields. Aside from these general considerations, our own motivation to investigate strongly charged sources in electromagnetic interaction with classical Dirac fields rests with the ongoing difficulty in elucidating the origin of electronpositron (e-e+) peaks in the Darmstadt heavy-ion collision experiments E]. In particular, we wanted to compute the 2-value at which the nonlinear theory implies a breakdown of the Dirac equation as a single-particle equation. The occurrence of such a breakdown for Z O < 2 < Z , (as in the Klein-Gordon case) would indeed be of possible importance in connection with the Darmstadt experiments, as (e-e') peaks are known to be present for 2 < 2, [5] . A further motivation of this work is that, unlike the Klein-Gordon equation, the Dirac equation does not develop complex eigenvalues for 2 > Z,, but rather complex poles on the unphysical energy sheet [6] . We are not aware of any result in the literature relating such poles to instabilities of the nonlinear theory. It is clearly of interest to establish whether this is indeed the case. Our main result is the following.
For any value of 2, there exist partially screened solutions to the system consisting of a fixed source of charge 2 in electromagnetic interaction with a classical Dirac field of mass m. However, such solutions appear to have a lower energy than the pure Coulomb solution (corresponding to zero spinor field) only for Z > Z,, where 2, is the usual critical value of the (linear) Dirac equation, i.e. the value of Z at which the bound-state energy reaches the lower continuum. In contrast to the Klein-Gordon case, no such solution occurs for Z0 < 2 < 2,.
Thus, our numerical analysis is indeed consistent with the interpretation of the onset of poles on the unphysical sheet (for Z>Z,) as the signal of the instability of the classical source and the breakdown of the single-particle interpretation of the Dirac equation for
In order to see this in detail, we start with the Lagrangian $'describing a classical Dirac field $ in electromagnetic interaction with a prescribed external source j;*:
In (l), A, is the electromagnetic field and m the mass of the Dirac field.
The equations of motion following from (1) are
If we take a static, spherically symmetric source given by [l, 21 the vector potential A (A, = (Ao, A ) ) vanishes in the Coulomb gauge. We shall restrict ourselves to spherically symmetric solutions to eqs. (2), (3) . This implies that we can only consider total spin j-values j = 112 [3, 4] . Being interested in the lower-energy solution, we
We then introduce
j$'jm being the usual two-component spherical spinor. The ensuing equations of motion are then (a is the fine structure constant)
Note that in the linear approximation (neglecting F 2 and G2) eq. (11) yields (12) az Po f= -
so that eqs. (9), (10) reduce to the usual Dirac equation for an electron in the attractive Coulomb field due to the charge density (4) . From (9)-(11), one finds that the relevant boundary conditions at the origin are 
a 2
which is a consequence of (12). The energy E associated with a given solution to the system (9)- (11) is [4] The value of the total charge Q of the external source as a function of Z is plotted in fig. 1 . One can see, comparing with fig. 2 , that for any value of 0, Q/Z reaches unity, when Z is equal to the value at which the eigenvalue of the linear Dirac equation is equal to 0. Therefore, partial screening solutions exist for any value of 2. Moreover, fig. 3 shows that such solutions may have a lower energy than the pure Coulomb solution. We see that, when, for any value of 0, Z reaches the value at which partial screening solution is possible, the energy E corresponding to this solution first overcomes the Coulomb solution energy Ec. Eventually, the energy becomes smaller than Ec. Our results show that the value of Z at which a partially screened solution is energetically favoured occurs for D = 0, in similarity to the Klein-Gordon case. But, in contrast with the latter case, this does not happen at Zo (the value at which the eigenvalue of the linear problem vanishes). From our numerical computations, we can safely state that the value at which this occurs (2 = 180 f 5 ) is larger than 2, (= 168 in our numerical case). We therefore conclude that sources coupled with nonlinear classical Dirac fields are actually more .stable. than when coupled to scalar (Klein-Gordon) fields and that nonlinear effects of the kind studied here do not lower the value for the critical charge 2, predicted by the Dirac equation. We now wish to comment upon the accuracy of our numerical results. Solutions to eqs. where the topography of the relevant function is rather flat, whereas the energy depends rather sensitively upon the values of the parameters, The difficulty in the numerical integration is illustrated in fig. 4 , which displays the fields F , G and f. One can see that the asymptotic behaviour of F and G (eqs. (161, (17) ) is barely achieved at eighty times the radius of the source and that the nonlinear coupling between F , G and f extends far outside the source. We estimate that the numerical error on EIEc is of the order of one-fourth of a percent, which is largely sufficient to reveal the systematic behaviour of E as a function of 2 and D and to assert our conclusions.
* * *
The work of MB was supported by the National Fund for Scientific Research (Belgium).
